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In 1983 Barahona defined the class of cut polytopes; recently Padberg defined the class of 
Boolean quadric polytopes. We show that every Boolean quadric polytope is the image of a cut 
polytope under a bijective linear transformation, and so studying Boolean quadric polytopes 
reduces to studying special cut polytopes. Our proof uses an idea introduced in 1965 by 
Hammer. 
As usual, we let BA denote the set of all mappings from A to B; elements of 
BA can be thought of as vectors whose components are subscripted by elements 
of A and take values in B. An edge joining vertices v and w in an undirected 
graph will be denoted by VW (or WV). When G is a graph, G + u denotes the 
graph obtained from G by adding a new vertex u and joining u to all vertices 
of G. 
For every graph G with vertex-set V and edge-set E, let BQ(G) denote the set 
of all vectors [x, y]* such that x E (0, l}“, y E (0, l}“, and yUw =X,X, for all VW 
in E. The problem 
minimize a*x + bTy subject to [x, y]* E BQ(G) (1) 
with aeR”, b E RE is called the unconstrained pseudo-Boolean quadratic 
problem in G. 
For every graph H with vertex-set Wand edge-set F, let C(H) denote the set of 
all vectors z such that 
1 if precisely one of v, w belongs to S 
&, = 1 0 otherwise, 
for some (possibly empty) subset S of W. The problem 
minimize c*z subject to z E C(H) (2) 
with c E RF is called the minimum cut problem in H. 
Peter Hammer [4] showed that (1) reduces to (2) with suitably defined H and c. 
For our purpose, it will be convenient to describe Hammer’s reduction in a 
formally different way. For each z in C(G + u), let g(z) denote the vector [x, y]* 
such that x E (0, l}“, y E (0, l}“, X, = z,, for all v in V, and y,, =x,x, for all VW 
in E. Observe that g is a bijection between C(G + u) and BQ(G). Observe also 
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that g(z) = [x, yIT implies 
XIJ = L, for each vertex II of G, 
Y VW = @,, + z,, - z,,,,,) for each edge VW of G, 
(3) 
and so 
[a, blTg(z) = CT2 (4) 
for some vector c in RF which depends only on [a, b]=. Hence (1) reduces to (2) 
with H = G + u and with c defined by (4). 
Barahona [l] defined the cut polytope P,(H) as the convex hull of C(H); 
subsequently Padberg [5] defined the Boolean quadric polytope QP(G) as the 
convex hull of BQ(G). The purpose of this note is to point out that QP(G) is 
nothing but an image of P,(G + u) under a linear transformation. This linear 
transformation, f: RF+ RVUE, is defined by f(z) = [x, yIT with X, y given by (3). 
Theorem. PQ(G) =f(P,(G + u)). 
Proof. Since the restriction of f onto C(G + U) is g, we have f(C(G + u)) = 
BQ(G). Since f is a linear bijection between RF and RVUE, the statement 
follows. 0 
By the Theorem, to study the Boolean quadric polytope of G means to study 
the cut polytope of G + u. Hence all results on the cut polytope have immediate 
corollaries for the Boolean quadric polytope. We shall give just three examples. 
First, let T(H) denote the set of all ordered pairs (C, D) such that C is the 
edge-set of a chordless cycle in H and D is an odd-cardinality subset of C. 
Barahona and Mahjoub ([2], C orollary 3.10) proved that H is not contractible to 
K5 if and only if P,(H) is defined by: 
O~Z”,~l for each edge ‘uw of H that does not belong to a triangle, 
c zw - ,,z, L+’ < (DI - 1 for each (C, D) in T(H). 
UWSD 
An immediate corollary of this result is the following. 
Corollary 1. A graph G is not contractible to K4 if and only if QP(G) is 
defined by: 
O<x,<l for each isolated vertex v of G, 
&l+xw-Ywq 
-& +Yw~O 
-x,+y,,so 
for each edge VW of G, 
Y VW20 
-2y,,)- x (x,,+x,,,-2y,,)==]D(-1 foreach (C, D)in T(G). 
vweC\D 
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Proof. Trivially, G + u is not contractible to K5 if and only if G is not 
contractible to K4. Hence G is not contractible to K4 if and only if P,(G + u) is 
defined by: 
O~z,,~l for each isolated vertex u of G, 
Z,” + z,, + Z”, c 2 
Z U” - z,, - Z,, =G 0 
-z, -z,,+z,,~O 
1 
for each edge w of G, 
-z, +z,,-z,,~o 
c ZUW - “,X, zuw 6 ]Dl- 1 for each (C, D) in T(G). 
VWCD 
By the Theorem, z E P&G + U) if and only if f(z) E QZ’(G); since [x, yIT = f(z) 
if and only if 
z, = 4 for each vertex v of G, 
=x, +x, -2y,, for each edge VW of G, 4JW 
the statement follows. 0 
(5) 
Secondly, Barahona and Mahjoub [2] showed how all the facets of P,(H) can 
be obtained from all the facets of P,-(H) that contain the origin (or, more 
generally, any fixed extreme point). (In case of H complete, this operation was 
introduced earlier by Deza. Actually, Deza worked with the equivalent notion of 
the “Hamming cone”; he treated the special case of “hypermetric inequalities” in 
[3], and the general case in the document referenced in [3].) Let 
define a facet of P,(H), let S be a subset of W, and let 6(S) denote the set of all 
edges of H with exactly one endpoint in S. Barahona and Mahjoub ([2], Corollary 
2.9) showed that 
defines a facet of P,(H). Furthermore, they showed ([2], Corollary 2.11 and the 
comment following it) that, as (6) runs through all the facets of P,-(H) that 
contain the origin and as S runs through all the subsets of W, (7) runs through all 
the facets of P,(H). (Note that (7) remains unchanged if S is replaced by W - S 
whenever S is non-empty. Hence, letting S run through all the subsets of W is 
equivalent to letting S run through all the subsets of W - {u} for a fixed vertex u 
in W.) An immediate corollary of this result is the following. 
Corollary 2. Let 
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define a facet of QP(G) and let S be a subset of V. Then the inequality 
(9) 
with 
ri, = 
a, + CM b,, for each v in V - S 
- a, - C WEE b,, for each v in S, 
bUW = 
b 
J; 
for each VW in E\&(S) 
UW for each VW in 6(S), 
d= d - z a,, - 2 b,,, 
VSS tJ,WCS 
defines a facet of QP(G). Furthermore, as (8) runs through all the facets of QP(G) 
that contain the origin and as S runs through all the subsets of V, (9) runs through 
all the facets of QP(G). 
Proof. Substituting from (3) into (S), we obtain the inequality 
C( a, + 3 c b,, =, VCV w > 
+ vzB ( - t&k+ cd 
which, by the Theorem, defines a facet of Pc(G + u). Hence the result of 
Barahona and Mahjoub guarantees that the inequality 
cd-z a,++zb,, - 
VCS 
( 
w > 
x_ ( - 4bW) 
defines a facet of P&G + u). Substituting into this inequality from (5) we obtain 
(9) which, by the Theorem, defines a facet of QP(G). The rest is 
straightforward. 0 
Third, Barahona and Mahjoub ([2], Corollary 4.2) showed that P,(H) has 
diameter one whenever H is complete. An immediate corollary of this result is 
the following. 
Corollary 3. QP(G) has diameter one whenever G is complete. 
Corollary 1 is essentially the same as Theorem 10 in [5], Corollary 2 is 
essentially the same as Theorem 6 in [5], and Corollary 3 is part (i) of Theorem 2 
in [5]. 
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